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It has been conjectured by L. Ilieff [l, problem 4.51 that if all the zeros of 
the polynomial 
A4 = ff b - Zk) 
k=l 
lie in 1 z ] < 1 then the derivative p’(z) has a zero in 1 x - zk 1 < 1, 
K = 1,2,..., n. We proved [2, p. 881 the conjecture for polynomials of degree 3. 
An alternative proof was given by Brannan [2, 31. Later, Rubinstein [4] 
proved the conjecture for polynomials of degree 3 and 4. He also proved that 
if zj is a zero of p(z) which lies on the boundary 1 z 1 = 1 then p’(z) does have 
a zero in 1 z - zj 1 < 1. This result is true without any restriction on the 
degree. More recently, Goodman, Rahman, and Ratti [5, p. 1411 have proved 
that if p( 1) = 0 and all the zeros of p(z) 1 ie in 1 z j f 1 thenp’(z) has a zero in 
/ z - 4 j < 4 . This circle is contained in 1 z - 1 / < 1. They conjectured 
that if the polynomial&) = nI;=i (z - zk) has all its zeros in 1 x 1 < 1 then 
the derivative p’(z) has at least one zero in j z - 4 zk I < 1 - =& 1zk 1 . 
We are far from proving Ilieff’s conjecture in its full generality. However, 
we do have something which gives a much stronger result than Ilieff’s con- 
jecture for polynomials of degree 3,4 and also includes the boundary case of 
the Goodman, Rahman, Ratti conjecture. Thus, our result supersedes 
everything that is known concerning Ilieff’s conjecture. 
Let us start by assuming that the zeros 2, , 2, ,..., 2,-i , of the polynomial 
all lie in I .z / < 1. Consider the polar derivative 
P<(z) = (4 + a,+) Y-l + *a- + a15 
with respect to 5. If 5 > 1 then Pi(z) must have at least one zero in 
409126/f2-6 
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Now if p(z) is a polynomial of degree n which has all its zeros in 1 J 1 < 1 and 
z = I,‘{ (1 < 4 < co) is one of the zeros then 
is a polynomial of degree 71 which has a zero at z = 0 and its other zeros lie in 
1 a 1 < 1. From (1) it follows that its polar derivative with respect to 4, viz. 
- (t;” - 1) (x - ipp’ (S) 
must have a zero in / a 1 < A. Hence p’(a) has a zero in the circle drawn with the 
points (Al - I)/@ - I,‘), (At + 1)/(X + LJ us two ends of a diameter. It is 
easy to verify that this circle is contained in the circle / z - (l/i) 1 < 1 if 
12 = 2, 3 and 4. In fact, 
At+1 1 ---r<l 
w-5 
since 0 < h < 1. On the other hand 
1 A5 - 1 
--h--ydl 
5 
if 
On replacing 5 by l/(1 - 
Since 
45” - 1) < 1 
w - 4 ’ - 
x) (0 < x < 1) the last inequality becomes 
h(2x - x”) 
(1 - A) + x A‘( l. 
+I, 1 
A= l-x 1 - j+(n-l) I = 1+x(72-1) ’ I 1 1 l/bl-1) 
we have to have 
(1 + x( 1 - x)}“-1 < 1 + x(?z - 1) (0 <x < 1) 
which clearly holds for n = 2, 3, 4. 
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The boundary case of Goodman, Rahman, Ratti conjecture. We suppose that 
n-1 
PM = b - 1) k;l (z - 4 
is a polynomial of degree n such that 1 zk 1 < 1 for 1 < k < n - 1. We wish 
to prove that p’(z) has a zero in 1 z - 4 1 < 4. If not, there exists a positive 
number 6 such that p’(a) has all its zeros in 1 z - 3 1 > Q + 6. This implies 
that if q(z) denotes the polynomial 
then q’(s) does not vanish in 1 z - $ 1 < + (1 + 6) provided 1 - (I/[) is 
sufficiently small, say 1 - (l/t) < 6. We note that as 1 - (l/l) + 0, 
Hence if 1 - (l/C) is small enough the circle drawn with the points 
(X - l)l@ - 43, (X + l)/@ + 5) as two ends of a diameter is wholly 
contained in the circle 1 I - 3 j < $ (1 + S), i.e., q’(x) has a zero in 
j .a - Q / < $ (1 + 8). This gives a contradiction. 
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